Abstract. This paper investigates bicovariant differential calculus on noncommutative spaces of the Lie algebra type. For a given Lie algebra g0 we construct a Lie superalgebra g = g0 ⊕ g1 containing noncommutative coordinates and one-forms. We show that g can be extended by a set of generators TAB whose action on the enveloping algebra U (g) gives the commutation relations between monomials in U (g0) and one-forms. Realizations of noncommutative coordinates, one-forms and the generators TAB as formal power series in a semicompleted Weyl superalgebra are found. In the special case dim(g0) = dim (g1) we also find a realization of the exterior derivative on U (g0). The realizations of these geometric objects yield a bicovariant differential calculus on U (g0) as a deformation of the standard calculus on the Euclidean space.
Introduction
This paper investigates construction of a differential calculus on quantum spaces using realizations of Lie superalgebras. One of the greatest problems in modern physics is formulation of the theory of quantum gravity which consistently unifies Einstein's general relativity with quantum mechanics. Einstein's theory of gravity coupled with Heisenberg's uncertainty principle implies that space-time coordinates should satisfy uncertainty relations ∆x µ ∆x ν ≥ l 2 P where l P = G /c 3 ≈ 1.62 × 10 −35 m is the Planck length [1, 2] . This requires a modification of the usual notion of space-time as a continuum. One of the possible approaches to a description of space-time at the Planck scale is based on replacing the commutative C ∞ algebra of functions on a manifold by a noncommutative (NC) algebra of operatorsx 1 ,x 2 , . . . ,x n . This motivates the study of differential calculus on quantum spaces as a proper mathematical tool for investigating physical theories in this context. Reformulation of the classical notions of differential geometry in the algebraic language allows us to generalize them to the noncommutative setting [3, 4, 5] . Noncommutativity between coordinates is introduced via commutation relations [x µ ,x ν ] =θ µν (h) Key words and phrases. Non-commutative spaces, bicovariant differential calculus, Lie superalgebras, realizations.
whereθ µν (h) is an antisymmetric tensor depending on a deformation parameter h ∈ R and satisfying the classical limit condition lim h→0θµν (h) = 0. The algebraic relations between coordinates lead to different models of NC spaces. The three most commonly studied NC spaces in the literature are the Moyal space [6, 7] , κ-deformed space [8, 9, 10] and Snyder space [11] . A review of applications of NC spaces in physics can be found in Refs. [12, 13] .
The general theory of differential calculus on quantum spaces was initiated and thoroughly investigated by Woronowicz in Ref. [3] . For a general associative algebra, Landi gave a construction of a differential algebra of forms in Ref. [14] . In analogy with classical differential geometry, Schupp [4] et. al. introduced exterior derivative, inner derivations and Lie derivative on linear quantum groups. The requirement that the differential calculus is bicovariant and also covariant under the imposed group of symmetries leads to some dimensionality problems. Sitarz [15] has shown that in order to construct a bicovariant calculus on 3 + 1 dimensional κ-Minkowski space that is also Lorentz covariant, one has to introduce an extra one-form that has no classical interpretation. Gonera et. al.
generalized this work to n dimensions in Ref. [16] . The differential complex and related geometric objects on the κ-Minkowski space were developed in Ref. [17] . We note that for a given NC space the differential calculus is generally not unique. Classification of bicovariant differential calculi of classical dimension on the κ-Minkowski space was given in Ref. [18] .
In the present work we investigate a bicovariant first order differential calculus (FODC) on a general Lie algebra type NC space. Our approach uses realizations of Lie superalgebras to construct geometric objects as deformations of the corresponding classical notions on the Euclidean space. It generalizes our previous results on realizations of Lie algebras in Ref. [19] and some earlier attempts to construct differential algebras on the κ-deformed space in Refs. [18, 20, 21, 22, 23, 24] .
The paper is organized as follows. In Section 2 we outline briefly the construction of a bicovariant FODC of classical dimension on the enveloping algebra U (g 0 ) where g 0 is a finite dimensional Lie algebra. The generators of U (g 0 ) are interpreted as NC coordinates satisfying a Lie algebra type commutation relations. Differential forms are introduced by extending g 0 to a Lie superalgebra g = g 0 ⊕g 1 satisfying a compatibility condition required by exterior derivative. Section 3 studies an extension of g by a set of generators T AB which act on the enveloping algebra U (g). It is shown that the commutation relations between one-forms and monomials in U (g 0 ) can be expressed through the action of T AB on U (g).
The Lie superalgebra g can be extended in two canonical ways related by a left-right duality. In Section 4 we construct realizations of g by representing the generators of g (NC coordinates and one-forms) as formal power series in a semicompleted Weyl superalgebra (Clifford-Weyl algebra). Using an automorphism of the Weyl superalgebra we find evidence that the Weyl symmetric realization of an arbitrary Lie algebra g 0 (see Refs. [19] and [25] ) can be extended to Lie superalgebras considered in this paper. Section 5 deals with realization of the exterior derivative d on U (g 0 ) in the special case dim(g 0 ) = dim(g 1 ).
We construct d as a deformation of the standard exterior derivative on R n where the deformation parameters are the structure constants of g. The deformed exterior derivative d is a nilpotent operator satisfying the undeformed Leibniz rule on U (g 0 ). Finally, the Appendix provides details of some technical computations used in the paper.
Bicovariant differential calculus on noncommutative spaces of the Lie algebra type
Let g 0 be a finite-dimensional Lie algebra over K (K = R or C). In this section we give a general construction of a bicovariant first order differential calculus (FODC) on the enveloping algebra U (g 0 ). The construction uses extension of g 0 to a Lie superalgebra g = g 0 ⊕ g 1 and it also motivates the study of realizations of g in later sections. First, let us describe the Lie superalgebra g. Let C µνλ denote the structure constants of g 0 relative to a basis X 1 , X 2 , . . . , X n . Let g 1 be a vector space with basis θ 1 , θ 2 , . . . , θ m . Define the Z 2 -graded vector space g = g 0 ⊕ g 1 with degrees of homogeneous elements given byX = i if X ∈ g i for i = 0, 1. For future use we adopt the following convention. The lowercase greek letters α, β, γ, etc. range over the indices of X 1 , X 2 , . . . , X n and the lowercase latin letters a, b, c, etc. range over the indices of θ 1 , θ 2 , . . . , θ m . If n = m, then the indices of θ 1 , θ 2 , . . . , θ m will be denoted by lowercase greek letters. Define the Lie superbracket on g
, and it satisfies the graded Jacobi identity
for all X, Y, Z ∈ g. This implies that the structure constants satisfy C µνα = −C νµα and
The enveloping algebra U (g) is generated by X µ and θ a subject to relations
To simplify the notation we shall often identify the elements of g with their canonical images in U (g). The generators X 1 , X 2 , . . . , X n are interpreted as coordinates on the NC space defined by the Lie algebra relations (5) and θ 1 , θ 2 , . . . , θ m are interpreted as oneforms on this space. In general, n = m since the number of one-forms may not equal the number of coordinates (see Ref. [15] ).
We now explain the construction of FODC of classical dimension on the enveloping algebra U (g 0 ). In this case we assume n = m. Let (∆, ǫ, S) denote the primitive Hopf structure on U (g 0 ). The algebra U (g 0 ) may be considered as a quantum space for itself since the coproduct ∆ :
is both a left and right corepresentation as well as an algebra homomorphism (for details see Ref. [26] ). Recall that a first order differential calculus over U (g 0 ) is a U (g 0 )-bimodule Γ together with a linear
The differential calculus is said to be bicovariant if
and a right coaction
for all X, Y ∈ U (g 0 ), ω ∈ Γ. The left and right coactions are required to satisfy the commutativity condition
We define the bimodule Γ = ⊕ n α=1 U (g 0 )θ α as a free left U (g 0 )-module with basis θ 1 , θ 2 , . . . , θ n and introduce the right module structure by Eq. 
Define the left coaction
and ∆ R are well-defined on Γ since the defining relations (6) are in the kernels of ∆ L and ∆ R . Furthermore, one easily checks that they satisfy the conditions (8)- (10) where (10) follows from the coassociativity of the coproduct ∆.
As an example, consider the κ-deformed space defined by
This is a Lie algebra with structure constants C µνλ = i(a µ δ νλ − a ν δ µλ ). It has applications in deformed (doubly) special relativity theory [27] , quantum gravity [28] and quantum field theory [29] . Differential calculi on the κ-deformed space were classified in Ref. [18] .
There it was shown that for a given deformation vector a ∈ R n , a = 0, there are three nonequivalent families of differential calculi specified by the structure constants
where c ∈ R is a free parameter. When the space deformation vanishes, i.e. a = 0, the structure constants satisfy lim a→0 K µνλ = 0. This example demonstrates that for a given noncommutative space the differential calculus is not unique even in the classical case n = m. Then the commutation relations (5)- (7) can be written as
A and the structure constants C ABJ are given by the following table:
Now, let g L be the vector space over K with basis {Z A , T AB | 1 ≤ A, B ≤ n + m} where T AB are the elements of the block matrix
(where T 3 aµ = 0). Define the degrees of T AB by T 1 µν = T 4 ab = 0 and T 2 µa = 1, and introduce the Lie superbracket on g L by
Explicitly, we have
Using the Jacobi identities (3)- (4) it is straightforward to verify that
are the even and odd parts of g L , respectively. The following theorem is a generalization of the result on extensions of Lie algebras given in Ref. [19] .
such that
for all X, Y ∈ U (g).
Sketch of proof.
We note that the action of T AB on the generators Z C is determined by the commutation relations (21) between T AB and Z C . Indeed, acting by the third relation in (21) on 1 ∈ U (g) and using the normalization condition T AB ◮ 1 = δ AB we find
Explicitly,
The action of T AB on higher order monomials is given by Eq. (26) which is proved by induction on deg(X). To this end, we need the following auxiliary result. Applying the Leibniz rule to the supercommutator [T AB , XY ] we find
On the other hand, expanding [T AB , XY ] we obtain
Comparing expressions (31) and (32) we find that
Now, using Eqs. (28)- (30) and Eq. (33) one shows by induction on deg(X) that the action of the block elements of [T AB ] is given by
It is easily verified that Eqs. (34)- (36) can be collected into the single expression (26) .
In the next step we prove that the defining relations (5)- (7) of U (g) are contained in the kernel of the action ◮. This is obvious for the action of Z A , hence we only consider the action of T AB . To illustrate the point, we prove the claim for T 2 λa . Using Eqs. (29) and (35) one immediately finds
For the defining relation (6) we compute
Similarly,
which yields
Now, from Eqs. (40) and (29) we have
where we used the Jacobi identity (4). Finally, regarding the last defining relation (7) we note that
Similar arguments apply to the actions of T 1 µν and T 4 ab . In the final step it is necessary to prove that the action ◮ is also consistent with relations
for all X ∈ U (g). This is done by induction on deg(X) using relations (34)-(36).
The action of T AB defined in Theorem 1 gives the commutation relations between the generators of U (g) and elements of the subalgebra U (g 0 ). This is a consequence of the following result.
Proposition 1. For any X ∈ U (g 0 ) we have
Proof. We prove the claim by induction on deg(X). Let X = X µ . If Z A = X α , then using the first two relations in (28) and (29) one finds that
Similarly, if Z A = θ a , the first relation in (30) yields θ a X µ = B (T aB ◮ X µ )Z B where we have taken into account that T 3 aβ = 0. Assume that Eq. (44) holds for all monomials X with deg(X) ≤ n. Then, in view of Theorem 1 we have
Hence, Eq. (44) holds for all monomials X ∈ U (g 0 ) and extends linearly to U (g 0 ).
In the special case when Z A = θ a Eq. (44) yields
We note that T 4 ab ◮ X = δ ab X + p ab (X) where p ab (X) ∈ U (g 0 ) is a polynomial with deg(p ab (X)) < deg(X). Thus, the action of T 4 ab gives the commutation relations between one-forms and functions on the quantum space U (g 0 ).
Relation (44) can also be interpreted as follows. If X is a monomial in U (g 0 ), then shifting Z A to the far right in the product Z A X generates polynomials Q AB (X) ∈ U (g 0 ) such that Z A X = B Q AB Z B where Q AB (X) = T AB ◮ X. Now consider the dual problem. If Z A is shifted to the far left in XZ A , this generates polynomials Q BA (X) such that XZ A = B Z B Q BA (X). One can show that the Lie superalgebra g can be extended
In analogy with Theorem 1, the enveloping algebra U (g R ) acts on U (g) by 1 ◮ X = X,
for all X, Y ∈ U (g). Furthermore, for any X ∈ U (g 0 ), the shift of Z A to the far left is given by
In view of this property, we refer to T AB and S AB as the left and right shift operators, respectively. We remark that the algebra U (g) can be extended by both sets of generators
Hence, S = [S AB ] is the formal inverse of the matrix T = [T AB ].
We remark that the operators T AB and S AB do not have a direct physical meaning.
Rather, they provide a tool for computing the commutation relations between forms and functions on the underlying NC space. They are also used to write a given monomial X ∈ U (g 0 ) in the PBW basis using Eq. (44) which facilitates computation in the extended algebra U (g). A realization of T AB in terms of differential operators is presented in Section 4.
4.
Realizations of the Lie superalgebra g = g 0 ⊕ g 1
In this section we consider realizations of the Lie superalgebra g = g 0 ⊕ g 1 by formal
power series in a semicompleted Weyl superalgebra (Clifford-Weyl algebra). These realizations are used in Section 5 to obtain the bicovariant calculus from Section 2 as a deformation of the standard differential calculus on the Euclidean space R n . The Weyl superalgebra A (n,m) is generated by four sets of generators
1 ≤ a ≤ m, with degrees defined byx µ =∂ µ = 0 andξ a =q a = 1. The supercommutator on A (n,m) is given by [x, y] = xy − (−1)xȳyx and the generators are subject to relations
with all other relations between the generators being zero. The supercommutator satisfies the graded Jacobi identity (2). LetÂ (n,m) denote the semicompletion of A (n,m) which contains formal power series in ∂ µ and q a , but only polynomial expressions in x µ and ξ a .
First, we recall some relevant result from Refs. [19] and [25] . According to Eq. (1) the Lie algebra g 0 is defined by the commutation relations [X µ , X ν ] = n α=1 C µνα X α . Let C be the matrix given by C µν = n α=1 C µαν ∂ α and let ψ(t) be the generating function for the Bernoulli numbers B k ,
Then the map
is a realization of g 0 . It is called the Weyl symmetric realization since it corresponds to the Weyl symmetric ordering on the enveloping algebra U (g 0 ). For the κ-deformed space defined by Eq. (12) examples of different realizations and their applications in physics can be found in Refs. [30, 31] , and for more general noncommutative spaces in Ref. [32] .
The following is a generalization of the above result to the Lie superalgebra g = g 0 ⊕ g 1 defined by Eq. (1).
Proposition 2. Define a linear map ϕ : g →Â (n,m) on the basis of g by
Then ϕ is a realization of g.
Proof. Let us denotex
0. According to Eq. (53), the Weyl symmetric realization of g 0 is given byx
Using the Jacobi identity (4) we find
Furthermore, one easily verifies that
Thus,x µ andθ a satisfy relations (1).
We refer to Eq. (54) as the Weyl-linear realization of g. This realization can be extended to the Lie superalgebra g L which includes the shift operators T AB defined by Eq. (21).
where K is the matrix
In view of Proposition 2, the restriction ϕ | g : g →Â (n,m) is a realization of the Lie superalgebra g. Since the realizations of the shift operators clearly commute, [T AB ,T CD ] = 0, it remains to prove thatT AB andẐ C satisfy relations (22)- (24) . Denotex ′ λ = n α=1 x α ψ(C) λα . It was shown in Ref. [19] 
Furthermore,
Regarding the shift operatorT 4 ab , we have
It is proved in Lemma 1 (see Appendix) that the above expression reduces to
As a result, we find that
In addition,
To find the commutation relations forT 2 µa , we compute 
It follows from the Jacobi identity (4) that the above expression can be written as
Finally, the remaining relation yields
This completes the proof that (59)- (60) is a realization of g L .
Let us consider a simple example of differential calculus of classical dimension (n = m)
on the κ-deformed space defined by Eq. (12) . (Recall that when n = m, the indices of θ 1 , θ 2 , . . . , θ n are denoted by lowercase greek letters). In the special case c = 0 in Eq. (13) we have K µνλ = −iδ µλ a ν . This corresponds to the algebra S1 in Ref. [18] ,
It was shown in Ref. [19] (see also Ref. [31] ) that the Weyl symmetric realization of the Lie algebra (12) is given bŷ
where A = i n ν=1 a ν ∂ ν . Therefore, the Weyl-linear realization (59) yieldŝ
It was also shown in Ref. [19] that the shift operatorT 1 µν is given bŷ
In order to find the realizations of T 2 µν and T 4 µν we note that e K = e −A I where I is the n × n unit matrix. Hence, using Eq. (60) we find 
Let x µ , ∂ µ , ξ a , q a be the images of the generatorsx µ ,∂ µ ,ξ a ,q a under the transformation φ.
It is shown in Lemma 2 (see Appendix) that the transformation is explicitly given by
Since φ is an automorphism, the elements
also generators ofÂ (n,m) satisfying the same defining relations. Hence, by substituting expressions (77)- (78) into Eq. (54) we obtain a new realization of the Lie superalgebra g:
where
It is interesting to note that there is a close relationship between the realization (79)- (80) and the extension of the Weyl symmetric formula (53) to the Lie superalgebra g defined by Eq. (1). To see this, denoteD = (∂ 1 , . . . ,∂ n ,q 1 , . . . ,q m ) andz = (x 1 , . . . ,x n ,ξ 1 , . . . ,ξ m ), and letC be the (n + m) × (n + m) matrix defined bỹ
where C AJB are the structure constants of g given by (16)- (19) . By analogy with Eq.
(53), let us define a linear mapφ : g →Â (n,m) on the basis of g bỹ
It is fairly difficult to show by direct computation thatφ is a realization of g, but an argument in favor of this conjecture can be given as follows. The matrixC has the block-
whereL µa = − m b=1 K bµaqb . Hence, the matrix ψ(C) is given by
The elements of the matrixF are of the form
where P bµa (∂) is a formal power series depending on the structure constants C µνλ and K aµb . Substituting Eqs. (85) and (87) into Eq. (83) we find thatφ(Z A ) is explicitly given
Comparing Eqs. (79)-(80) with (88)-(89) we see that ϕ(θ a ) =φ(θ a ) since M ab = ψ(K) ab , and ϕ(X µ ) =φ(X µ ) provided H bµa (∂) = P bµa (∂). Since it is difficult to prove in full generality that H bµa = P bµa , we consider the power series expansion for H bµa and P bµa .
A lengthly but straightforward computation using Eq. (81) shows that the first order approximation of H bµa is given by
Using the Jacobi identity (4), the above approximation can be transformed into a simplified form
On the other hand, approximation of the matrixF in Eq. (86) to first order in∂ α yields
hence P bµa = H bµa to first order in∂ α . Based on this computation we conjecture that Eq.
(83) is indeed a realization of g obtained by extending the Weyl symmetric realization of g 0 to the Lie superalgebras defined by Eq. (1). A full proof of this conjecture will be considered elsewhere.
5.
Relization of the exterior derivative in the special case n = m
In this section we construct the bicovariant differential calculus from Section 2 as a deformation of the standard differential calculus on the Euclidean space R n . Here we assume that n = m, i.e. the number of coordinates X µ is equal to the number of oneforms θ µ . Note that in this case the condition (11) holds. Starting with the Weyl-linear realization (54) we want to find a realization of the exterior derivative d :
First, let us rephrase the differential calculus on R n in a more algebraic language. In the undeformed case, U (g 0 ) is simply the algebra A ⊂Â (n,n) generated by commutative coordinates x 1 , x 2 , . . . , x n . Since ξ µ ξ ν = −ξ ν ξ µ , the generators ξ µ are interpreted as oneforms on R n . The algebra of differential forms is a graded algebra Ω = ⊕ n k=0 Ω k where 51)). This suggests that for a given realization of X µ and θ µ we should define
where Λ α (∂) = ∂ α + O(∂ 2 ) is a formal power series in ∂ 1 , ∂ 2 , . . . , ∂ n (if the structure constants of g vanish, then Λ α (∂) = ∂ α ). The function Λ α (∂) is uniquely determined by
Using the realization (54) (with n = m) we find
The condition [d,x µ ] =θ µ implies that the functions Λ α (∂) satisfy a system of partial differential equations
with initial condition Λ α (0) = 0. Multiplying Eq. (95) by ∂ µ and summing over µ we
Since the structure constants are antisymmetric, C µνα = −C νµα , one easily shows by induction on k that n µ=1 (C k ) µβ ∂ µ = 0 for all k ≥ 1. Hence, expanding ψ(C) into power series we find
We note that the differential equation (97) is obtained from
when the left-hand side of (98) is evaluated at t = 1. Hence, it suffices to find a solution of Eq. (98) satisfying Λ α (0) = 0. We look for the solution as a power series in t,
and substitute it into Eq. (98) to find a recurrence relation for Λ
where Λ 
As a result, the solution of Eq. (98) is given by 
The lowest order deformation ofd 0 = α ξ α ∂ α is given bŷ
It is important to note, however, thatd can be expressed in the variablesξ α and∂ α aŝ d = n α=1ξ α∂α whereξ α and∂ α are related to ξ α and ∂ α by the similarity transformations (77)-(78). Thus, in the new variables, the exterior derivatived is undeformed. Examples of differential calculi (of classical and non-classical dimension) on the κ-deformed space and their realizations can be found in Refs. [18, 20, 21, 22, 23, 24] . 
Conclusion
In this paper we have presented a general construction of a first order bicovariant differential calculus on the Lie algebra type NC space U (g 0 ) where g 0 is a finite dimensional Lie algebra. One-forms θ α are introduced by extending g 0 to a Lie superalgebra g = g 0 ⊕ g 1 defined by Eq. (1) and satisfying a compatibility condition required by the exterior deriva-
We have shown that the enveloping algebra U (g) admits an extension by shift operators T AB such that the commutation relations between one-forms and functions can be expressed in terms of the action of T AB on U (g). In our approach the geometrical objects are constructed as deformations of the corresponding classical notions on the Euclidean space. This is achieved by using realizations of the generators of g as formal power series in a Weyl superalgebra. We have constructed realizations of an arbitrary Lie superalgebra (1) , and in the special case dim(g 0 ) = dim(g 1 ) (i.e. differential calculus of classical dimension) we have also found a realization of the exterior derivative The differential algebras generated by NC coordinates X µ and one-forms θ µ may have additional symmetries. It is shown in Ref. [18] that the differential algebras for the κ-Minkowski space are covariant under certain κ-deformations of the igl(n) algebra. The differential algebra S 1 defined by Eqs. (12) and (71) 
where η µν = diag(−1, 1, . . . , 1). For a more detailed discussion of the Hopf algebra structure of the symmetry algebra generated by M µν and D, which can be obtained from twist, the reader is referred to Refs. [18, 33, 34] . The method of realizations presented here can be used to further study geometry on NC spaces from a deformation point of view. In particular, the study of field theory on NC spaces requires introduction of higher-order forms, vector fields, the Lie and inner derivative, the Hodge * -operator and an integral.
For a general Lie algebra type NC space, these problems will be considered elsewhere.
(108) becomes
Consider the function F ab (t∂), t ∈ R. We note that Eq. (110) can be written as
when both sides of Eq. (111) are evaluated at t = 1. Hence, it suffices to find a solution of Eq. (111) with initial condition F ab (0) = δ ab . We look for the solution as a power series in t,
The initial condition implies F (0) ab = δ ab . Substituting Eq. (112) into (111) and equating terms with like powers of t we obtain a recurrence relation for F
The solution of the recurrence relation is given by
which yields F ab (t∂) = (e tK ) ab . Hence, the solution of Eq. (108) with F ab (0) = δ ab is given by F ab (t∂) | t=1 = (e K ) ab . As a result, we have proved the identity 
The transformation of∂ µ is trivial since φ(∂ µ ) =∂ µ . In order to find the transformation ofx µ , one verifies by induction that
(where ad 0 (P ) = id). As a result, we find that
The series in Eq. (120) can be evaluated by using F. Schur's formula 
